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We investigate the nature of quantum spin liquid (QSL) phase of the spin-1/2 nearest-neighbor
XXZ antiferromagnet on the kagome lattice. Recent numerical calculations suggest that such a
kagome spin liquid (KSL) is insensitive to the XXZ anisotropy and is adjacent to a chiral spin liquid
phase. Reformulating the problem in terms of a U(1) lattice gauge theory with dynamical bosonic
spinons, we propose that the KSL can be understood as a deconfined critical phase extended by the
U(1) gauge fluctuation from a deconfined critical point between a symmetry-protected topological
phase and a superfluid phase. Crucially, the stability of this QSL is ensured by the gauge fluctuation
and hence our description necessarily falls beyond the conventional mean-field constructions of QSLs.
Our work also makes an interesting connection between the critical spin liquid, deconfined criticality,
symmetry protected topological phase and topological order.
A quantum spin liquid (QSL) [1, 2] offers an exam-
ple [3–10] of long-range quantum-entangled states of con-
densed matter that necessarily fall beyond Landau’s sym-
metry breaking paradigm of classifying condensed matter
phases [2]. Such phases can support fractional low en-
ergy excitations such as spin-1/2 spinons and emergent
photons. The nearest-neighbour spin-1/2 Heisenberg an-
tiferromagnet on the kagome lattice is a leading candi-
date that possibly realise a QSL ground state. Given its
apparent simplicity, this model has been the subject of
intense research over the last couple of decades [7, 11–17],
but, has eluded comprehensive understanding so far.
A remarkable insight on this issue was recently ob-
tained from the numerical density matrix renormaliza-
tion group (DMRG) calculations of Yan et. al. [7]. They
provided a strong evidence for a QSL ground state in
this system. Though, later DMRG works [16, 17] sug-
gested it is a Z2 QSL, the characteristic properties of the
Z2 QSL, i.e. four-fold topological degeneracy and frac-
tional statistics of spinons, supposedly identifiable in a
straightforward manner using DMRG [18, 19], has not
been found yet. Therefore, despite encouraging indica-
tions, the precise nature of the enigmatic “kagome spin
liquid” (KSL) still remains an important open problem.
A key reason for the difficulty in understanding the
nature of the KSL has been a lack of controlled theo-
retical methods to directly analyze the microscopic spin
model. However, a recent numerical work [20] has pro-
vided useful clues to a possible theoretical handle. This
involves considering a general class of spin-1/2 kagome
antiferromagnets with XXZ anisotropy that includes the
Heisenberg model as a special case. It yields the following
interesting results: (1) the KSL in the Heisenberg model
is adiabatically connected to the easy-axis as well as the
easy-plane limit [20, 21], and (2) by adding suitable sec-
ond and third neighbour interactions, a chiral spin liquid
(CSL) phase [22, 23] (with spontaneously broken time-
reversal symmetry (TRS)) is obtained, possibly through
a continuous phase transition. Both the CSL and the
transition again appear to be independent of the XXZ
anisotropy. These insights have opened up a possible
way to understand the KSL from the easy-axis limit, in
which one can formulate a faithful lattice gauge theory in
terms of a compact U(1) gauge field coupled to dynami-
cal bosonic spinons [24, 25]. This approach has been al-
ready successful in understanding the CSL [25], which in
this framework turns out to be a “gauged” [26, 27] U(1)
symmetry protected topological (SPT [28–30]) phase, the
bosonic integer quantum Hall state [31, 32]).
In this paper, we use the lattice gauge theory to inves-
tigate the nature of the KSL in the easy-axis limit. Our
central conclusion is: the KSL is a deconfined critical
phase driven by U(1) gauge fluctuations. We argue that
this deconfined critical phase is best understood through
the concept of “gauging” of a global U(1) symmetry of
a deconfined critical point between a bosonic U(1) SPT
phase (with spontaneously broken TRS) and a superfluid
phase. Since gauge fluctuations, that promote the criti-
cal point to an extended critical phase, are essential for
the stability of the phase, our description of the KSL is
necessarily beyond the mean-field constructions of QSLs.
We sketch out the above proposal in terms of a QED3
theory (in a similar form as Ref. [33, 34] ) that describes
the U(1) SPT phase and its deconfined phase transition
[35–37] to a superfluid. Our theory might also have inter-
esting relation with the recent proposed particle-vortex
duality of Dirac fermions [39–45].
We begin with an extended XXZ kagome model [20],
HXXZ = Jz
∑
〈pq〉
SzpS
z
q +
Jxy
2
∑
〈pq〉
(S+p S
−
q + h.c.)
+
J ′xy
2
( ∑
〈〈pq〉〉
+
∑
〈〈〈pq〉〉〉
)
(S+p S
−
q + h.c.), (1)
where 〈pq〉 denotes nearest neighbour XXZ interactions
and 〈〈pq〉〉 and 〈〈〈pq〉〉〉 denote second and third neigh-
bour XY interactions (see Fig. 1(a)). The DMRG cal-
culations on this model has found two QSL phases, the
KSL and the TRS broken CSL. A surprising feature of
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2the numerically obtained phase diagram is its indepen-
dence of the XXZ anisotropy, namely the two QSL phases
extend from the easy-axis limit (Jz  Jxy > 0) through
the Heisenberg point (Jz = Jxy), to the easy-plane limit
(Jz = 0, Jxy > 0) with the transition between them likely
being a continuous one throughout.
In the easy-axis limit (Jz  Jxy, J ′xy), the QSL phases
can be studied using a lattice gauge theory[24, 25]. The
mapping follows by noting that, in this limit, strong
nearest neighbour Ising interactions constrain the system
to live in the classically degenerate manifold that ful-
fills
∑
p∈4,5 S
z
p = ±1/2 for each triangle of the kagome
lattice. Then one can define two flavors of hard-core
bosonic spinons that live at the center of the up/down
triangles (which forms the two sub-lattices of the me-
dial honeycomb lattice) as
∑
p∈4i S
z
p = a
†
iai − 1/2,∑
p∈5k S
z
p = b
†
kbk − 1/2. Here a†, b† respectively re-
fer to spinon creation operators on the A, B sublattices
of the honeycomb lattice. The spin-flip operators is writ-
ten in terms of the spinons as S+p = exp(iAik)a†i b†k. The
Aij ∈ [0, 2pi) are compact U(1) gauge fields living on
the links of the honeycomb lattice and the spinons are
minimally coupled to this gauge field. The electric field,
which is conjugate to the above gauge field, is given by
Eik = −Eki = (Szp + 1/2).
Using the above mapping, the effective Hamiltonian
for Eq. (1) in the easy-axis limit becomes,
HLGT = Jxy
[ ∑
〈〈ij〉〉
eiAija†iaj +
∑
〈〈kl〉〉
eiAlkb†kbl + h.c.
]
+ J ′xy
∑
〈ik〉,〈jl〉∈7
[
(eiAika†i b
†
k)(e
iAlj blaj) + h.c.
]
+ κ
∑
E2ik +
1
κ
∑
cos(
∑
7 Aik). (2)
The first two lines describe the dynamics of the bosonic
spinons coupled to the compact U(1) gauge field while
the last line describes the dynamics of the gauge field
(Maxwell term). The coupling constant κ represents the
strength of gauge fluctuation. The physics of the easy-
axis kagome antiferromagnet corresponds to some κ =
κSL 6= 0, whose exact magnitude is not important for the
purpose of this paper. However the sign of κ is important
and in our regime of interest (Jxy, J
′
xy > 0), κ > 0 and
this leads to trapping of pi flux, through each hexagonal
plaquette. So, we outline a general phase diagram for this
lattice gauge model in Fig. 1(b) as κ(> 0) and J ′xy/Jxy
varies. This phase diagram is the central result of this
work and the rest of the paper is devoted in explaining
this phase diagram, emphasizing the physics of the KSL.
We start by drawing attention to two special lines of
the phase diagram, κ = κSL and 0, which correspond to
two interesting microscopic models. κ = κSL, of course,
corresponds to the easy-axis kagome model, which hosts
the KSL for J ′xy/Jxy ∈ [0, Jc), the CSL for J ′xy/Jxy ∈
∞
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chiral
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unkown
κ
SF2 U(1) SPT
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FIG. 1. (color online) (a) Kagome lattice and the medial
honeycomb lattice. The third-neighbor interaction is within
the hexagon plaquette. The lattice gauge theory is defined
on the medial honeycomb lattice. (b) The proposed phase
diagram for the lattice gauge model Eq. (2). The κ = κSL
line corresponds to the physics of easy-axis kagome in the Eq.
(1), Jz  Jxy, J ′xy. The κ = 0 line corresponds to the Eq. (3).
SF1 (SF2) refer to superfluid phases with one (two) Goldstone
mode(s). When κ is large, the system might enter some new
phase, which however is beyond the scope of present work.
(Jc, 2], and a possible continuous transition point at Jc ≈
0.6 [20]. On the other hand, κ = 0 corresponds to the
case where the gauge fluctuations are frozen to a static
background flux A0 (
∑7A0 = pi), yielding
Hb = Jxy
[ ∑
〈〈ij〉〉
eiA
0
ija†iaj +
∑
〈〈kl〉〉
eiA
0
lkb†kbl + h.c.
]
+ J ′xy
∑
〈ik〉,〈jl〉∈7
[
(eiA
0
ika†i b
†
k)(e
iA0lj blaj) + h.c.
]
. (3)
This Hamiltonian describes two species of boson with
two global U(1) symmetries, U(1)c charge and U(1)s
pseudospin; a† carries pseudospin up and b† carries pseu-
dospin down and both carries same charge. For J ′xy = 0
in Eq. 3, this is nothing but hard-core bosons hopping
within the second-neighbour links of the honeycomb lat-
tice in a background of pi flux, resulting in a superfluid.
On the other hand, for J ′xy/Jxy ∈ (Jc2, 1.0] (Jc2 ≈ 0.2),
it hosts a U(1) SPT phase with spontaneous breaking of
TRS [25]. Moreover it is likely, as we will show, that the
superfluid and the U(1) SPT phase are separated by a
direct continuous phase transition.
Having described the physics expected on the κ = κSL
and κ = 0 lines, we now turn to the question of the gen-
eral structure of the phase diagram and more specifically,
how the physics on these two special lines are connected.
Previous work [25] shed light on this connection for the
CSL phase, which is obtained by gauging a global U(1)
symmetry of the U(1) SPT phase, which, in the specific
context of Eq. (3), is the pseudospin U(1)s. In other
words, turning on a finite gauge fluctuations κ in the
U(1) SPT phase (on κ = 0 line) results in the CSL phase
that survives for κ = κSL (with the phase boundary mod-
ified by the gauge fluctuation).
On the other hand, for κ = 0 and J ′xy = 0, we have a
3superfluid phase that spontaneously breaks U(1)c×U(1)s
and hence has two Goldstone modes. Infinitesimal gauge
fluctuations (κ 6= 0), then, will Higgs out the Goldstone
mode corresponding to the U(1)s breaking, yielding a
superfluid with one Goldstone mode for the breaking of
U(1)c. This is nothing but an XY magnetic ordered state
for the spin model. As the gauge fluctuation further in-
creases to critical value, (κc < κSL), the superfluid phase
will be disordered giving way to the KSL through a phase
transition. This KSL, as we shall now show, can then be
visualized as an extension of the critical point (at finite
J ′xy) between the superfluid and the U(1) SPT phase at
κ = 0, as shown in Fig. 1 (b).
Effective theory at κ = 0.—At κ = 0 (See Eq. 3), we
have two species of boson with the U(1)c × U(1)s sym-
metry as noted above. By tuning the ratio of J ′xy/Jxy
from 0 to a finite value in Eq. (3), the system will transit
from the superfluid to the U(1) SPT phase (exhibiting
TRS breaking). We use a QED3 theory to describe it,
it has two-component Dirac spinors ψf±, ψ
g
± coupled to
internal gauge fields af , ag respectively. Thus the resul-
tant theory that we propose, which is also the starting
point of our analysis, is
L =
∑
σ=±
ψ¯fσ [iγ
µ(∂µ − iafµ − iσAcµ)]ψfσ −
1
2pi
εµνρA
s
µ∂νa
f
ρ
+
∑
σ=±
ψ¯gσ[iγ
µ(∂µ − iagµ − iσAcµ)]ψgσ +
1
2pi
εµνρA
s
µ∂νa
g
ρ
+
∑
σ=±
φ(ψ¯fσψ
f
σ + ψ¯
g
σψ
g
σ) + 2λφ
2 − uφ4 + (∂µφ)2
+(∂µa
f
ν − ∂νafµ)2/4e2 + (∂µagν − ∂νagµ)2/4e2, (4)
where Ac and As are the probe gauge fields that are
coupled to the global U(1)c charge Qc and U(1)s pseu-
dospin Qs respectively. Also, a bosonic field φ is coupled
to the Dirac fermions. In the microscopic model, the
field φ is a TRS breaking order parameter corresponding
to the correlated hopping i(2nbk − 1)a†iaj for the bosons
in Ref. [46, 47]). Crucially enough, the above fermionic
field theory can be systematically derived starting from
a bosonic system, which may be related with Eq. (3) via
a coupled-wire construction [44, 47] (supplementary sec-
tion). A similar theory describing the transition between
the U(1) SPT and the Mott insulator was proposed based
on a parton construction [33, 34].
The above field theory can be considered as two-copies
of QED3, and under the bosonic TRS :
ψfσ → iτy(ψgσ), af0 → ag0, afi → −agi , φ→ −φ, (5)
these two copies are exchanged to each other, making the
Lagrangian TRS invariant (τy acts on the internal spinor
space.). Also, the above field theory is not anomalous and
can be realized in pure two (spatial) dimension, unlike the
theory of surface state of 3D bosonic SPT.
Similar to the Son’s Dirac-composite-fermion theory,
the Dirac fermions in our theory are the vortices of
the U(1)s pseudospin. One quick way to understand
this fact is to realize that the pseudospin current is
jsµ =
1
2pi εµνρ∂ν(a
f
ρ − agρ).
In general, λ controls the low energy physics, namely
when λ > 0, the system is in a U(1) SPT phase with
spontaneous TRS breaking; when λ < 0, the system is in
a superfluid phase. λ = 0 is the critical point, at which
the gapless Dirac fermions are carrying fractional charge,
Qc = ±1 and Qs = 0. But as we will show below, this
pseudospin-charge separation phenomena only happens
at the critical point (that’s why it is a deconfined critical
point), not in the superfluid or the U(1) SPT phase.
(i) For λ > 0, TRS will be spontaneously broken,
and φ takes a finite value φ0 ≈ ±
√
λ/u. As a result, the
Dirac fermions will acquire a finite mass φ0, hence can
be integrated out and yield (Maxwell terms are omitted)
L = − sgn(φ0)
4pi
εµνρ[A
c
µ∂νA
c
ρ + a
f
µ∂νa
f
ρ ]−
εµνρ
2pi
Asµ∂νa
f
ρ
− sgn(φ0)
4pi
εµνρ[A
c
µ∂νA
c
ρ + a
g
µ∂νa
g
ρ] +
εµνρ
2pi
Asµ∂νa
g
ρ (6)
Due to the emergence of Chern-Simons terms for af and
ag, the photons of the gauge fields af , ag acquire a mass
∼ e2 and hence are gapped. Therefore, even though the
vortices (Dirac fermions) are gapped here, the system is
in an insulating phase. Another important point is, due
to the Chern-Simons terms, the fermionic vortex will be
dressed up with one Chern-Simons flux quanta and thus
changes its statistics from fermionic to bosonic. Also
there is no pseudospin-charge separation anymore, since
the flux quanta of af (or ag) will bind pseudospin Qs = 1
to the Dirac fermions. Integrating out af and ag gives
L =− 2
4pi
sgn(φ0)εµνρ[A
c
µ∂νA
c
ρ −Asµ∂νAsρ]. (7)
Therefore, we will end up with a U(1) SPT phase with
charge Hall conductance σxyc = 2 sgn(φ0).
(ii) For λ < 0, φ is gapped, and can be safely in-
tegrated out. The resultant theory is nothing but two
copies of QED3 with Nf = 2 flavors of Dirac fermions,
which is unstable to, for example, spontaneous chiral
symmetry breaking with the generation of a mass term,
LCSB =
∑
σ=± σ(m
f ψ¯fσψ
f
σ+m
gψ¯gσψ
g
σ). Here m
f , mg rep-
resent some finite masses whose specific values depend on
microscopic details. Similar as before, we integrate out
those gapped Dirac fermions (say mf ,mg > 0) ,
L = −εµνρ
2pi
Acµ∂ν(a
f + ag)ρ +
εµνρ
2pi
Asµ∂ν(a
f − ag)ρ (8)
This is the superfluid phase (not the anyon superfluid
in Ref. [33, 34]), since the vortices are gapped and the
gapless photons of the gauge fields af(g) correspond to
the Goldstone modes of the superfluid [48]. Here we
4have two Goldstone modes from the U(1)c charge and
U(1)s pseudospin symmetry breaking respectively. There
is no longer pseudospin-charge separation in this super-
fluid phase as the charge is bound with pseudospin (can
be seen by integrating out af(g)).
(iii) λ = 0 is the critical point, at which the gapless
Dirac fermions are carrying fractional charge, Qc = ±1
and Qs = 0. At λ = 0, we have two copies of Nf =
2 massless QED3, but in contrast to the λ < 0 case,
those Dirac fermions are coupled to a gapless bosonic
field φ. We expect that due to the coupling with the
gapless bosonic field φ, the instability (e.g. the chiral
symmetry breaking) might be suppressed, resulting in a
stable deconfined critical point.
Deconfined critical phase extended by gauge fluctua-
tion.—With the effective theory (4) at κ = 0, we are now
ready to attack the finite κ case. At the level of effective
field theory, finite κ corresponds to the gauged version of
the Dirac theory in Eq. (4), namely the global U(1)s
pseudospin symmetry is promoted into a local gauge
structure. This can be easily implemented in Eq. (4) by
replacing the probe gauge field As with an internal com-
pact U(1) gauge field A and adding a Maxwell term for
it. Meanwhile, we also replace the probe gauge field Ac
with Aext/2, and Aext is coupled to the quantum number
Sz of the spin-1/2 kagome antiferromagnet [25]. Under
this “gauging” process, the U(1) SPT phase on the κ = 0
line becomes a CSL phase as described in Ref. [25]. The
superfluid with two Goldstone modes at κ = 0, as stated
before, will be gauged to a superfluid with one Goldstone
mode corresponding to U(1)c. The gauged version of the
critical theory is therefore given by L = LD + La,A,
LD =
∑
σ=±
ψ¯fσ [iγ
µ(∂µ − iafµ − iσ
Aextµ
2
]ψfσ
+
∑
σ=±
ψ¯gσ[iγ
µ(∂µ − iagµ − iσ
Aextµ
2
]ψgσ (9)
La,A = 1
2pi
εµνρAµ∂ν(ag − af )ρ + 1
4e20
(∂µAν − ∂νAµ)2
+
1
4e2
(∂µa
f
ν − ∂νafµ)2 +
1
4e2
(∂µa
g
ν − ∂νagµ)2. (10)
This is nothing but a gauged version of the two copies
of Nf = 2 QED3, which now might describe an extended
critical phase. To see why this is the case, it is more
straightforward to consider the regime e0 > e (but e0 
∞), in which we can simply integrate out A, yielding a
mass for the internal gauge fields of the form ∼ e20(af −
ag)2 and hence locking af = ag. For e0 < e, the physics
is similar (see the supplementary materials). Due to this
locking, the two copies of Nf = 2 QED3 gets converted
into a single Nf = 4 QED3,
L =
∑
σ=±
v=f,g
ψ¯vσ[iγ
µ(∂µ − iaµ − iσ
Aextµ
2
)]ψvσ + · · · (11)
Arguments from large Nf gauge theories coupled to
Dirac fermions [49, 50] suggest that for Nf = 4, such a
theory might lead to a stable algebraic spin liquid phase.
One should contrast the above possibility with the fate
of the “un-gauged” theory in Eq. (4), which has (two
copies) Nf = 2 and hence the critical state is fine tuned
and is restricted to a single point. Thus the gauge fluc-
tuation (of A) is necessary to open up a critical phase.
Compared with the previous Dirac spin liquid in Refs.
[13–15], our theory has other interactions, for instance
some term that explicitly breaks the SU(4) symmetry.
As a future direction, it would be very interesting to un-
derstand the infrared properties of such a field theory and
contract it with the properties of the Dirac QSL obtained
from the parton constructions.
Alert readers may realize that there is a caveat that,
to reach Eq. (11), we integrate out the compact U(1)
gauge field A. The compactness of A is actually im-
portant, as it might cause confinement by proliferating
monopoles (instantons) in 2 + 1 dimension [51]. How-
ever, note the monopoles and the anti-monopoles are
indeed associated with the vortex rings [52], which are
our Dirac fermions ψf±, ψ
g
±. These fields being gapless
generate long range interactions between monopoles and
anti-monopoles, binding them to form magnetic dipoles
and thus suppressing the confinement caused by the
compactness of A. It is interesting to know the re-
lation between the physical operators (e.g. spin) and
fermionic field. Such relation can be obtained using a
coupled wire approach, which however is very techni-
cal and beyond the scope of present work. But based
on symmetry, we can fix the form of this relation as
~S ∼ (ψf )†~σψf + (ψg)†~σψg, and the scalar chirality is
χ = ~Sp · (~Sq × ~Sr) ∼ c1φ + c2(ψ¯fψf + ψ¯gψg), where c1
and c2 are some number.
Conclusion and outlook — We investigate the nature
of the kagome spin liquid (KSL) realized in the easy-axis
XXZ spin-1/2 kagome antiferromagnets using a lattice
gauge description consisting of U(1) gauge field coupled
to dynamic bosonic spinons. Starting with an effective
field theory for the deconfined critical point between a su-
perfluid and a U(1) SPT phase (with spontaneous TRS
breaking), we show that the KSL can be obtained by
promoting a global U(1) symmetry of the bosons to a
local gauge structure. In our approach the gauge fluc-
tuation converts the fine-tuned deconfined critical point
into an extended critical phase. In this sense the KSL
is obtained by “gauging” the deconfined critical point.
This is a concrete implementation of the perceived deep
connections among SPTs, associated critical points, and
QSLs, through the concept of gauging global symmetries.
It is interesting to compare our theory with the U(1)
Dirac spin liquid (DSL) from parton constructions [13–
15]. Due to the inherent importance of the gauge fluctu-
ations, our approach is beyond parton based mean-field
5construction of QSLs. However, presently, it is unclear
whether our QSL phase is different from the previous
DSL or not. One way to understand the issue is to com-
pare the quantum numbers of the low energy excitations
in both cases. Even if they are the same phase, our work
still advances the understanding on this celebrated prob-
lem by providing a complimentary insight to the problem
and more importantly explaining the natural proximity of
the CSL phase in this class of models. It is also interest-
ing to ask whether the speculated vortex duality for Dirac
fermions [38, 40–45] could apply for our kagome spin liq-
uid theory. Such possible duality can be understood as
the self-dual of the (ungauged) deconfined critical point,
which might further serve as an interesting probe for our
theory both numerically and experimentally.
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6Dirac composite fermion theory from coupled wires
We here provide a partial derivation of the Dirac composite fermion theory presented in the main text by using the
coupled-wire construction. Specifically, we start with a pure bosonic system described by a two-dimensional array of
two-component Luttinger liquid,
S[ϕ±j , ϕ˜
±
j , φj ] = Swire[ϕ
±
j , ϕ˜
±
j ] + Stun[ϕ
±
j , ϕ˜
±
j , φj ], (12)
Swire[ϕ
±
j , ϕ˜
±
j ] =
∫
dtdx
N−1∑
j=0
[
1
4pi
∑
σ,σ′=±
σxσσ′
(
∂xϕ
σ
j ∂tϕ
σ′
j − ∂xϕ˜σj ∂tϕ˜σ
′
j
)
− v
4pi
∑
σ=±
{
(∂xϕ
σ
j )
2 + (∂xϕ˜
σ
j )
2
}]
, (13)
Stun[ϕ
±
j , ϕ˜
±
j , φj ] = −
∫
dtdx
N−1∑
j=0
[
(g1 − g2φj)
∑
σ=±
cos(ϕσj − ϕ˜σj+1) + (g1 + g2φj)
∑
σ=±
cos(ϕ˜σj − ϕσj+1)
− c1φ2j + c2(φj − φj+1)2 + · · ·
]
. (14)
Applying an explicit duality transformation proposed in Ref. [44] to the coupled-wire model, we can controllably
derive a spatially anisotropic version of the QED3 theory which we introduce in the main text.
Sdual[ψ
f/g
± , A
c/s
µ , a
f/g
µ , φ] ∼
∫
dtdxdy
[∑
σ=±
ψ¯fσiwµγ
µ(∂µ − iafµ − iσAcµ)ψfσ +
∑
σ=±
ψ¯gσiwµγ
µ(∂µ − iagµ − iσAcµ)ψgσ
+ 4pig2dxφ
∑
σ=±
(ψ¯fσψ
f
σ + ψ¯
g
σψ
g
σ) +
c1
dy
φ2 − c2dy(∂yφ)2 + 1
2pi
µνρA
s
µ∂ν(a
f
ρ − agρ)
+
1
8pi
λµ(µνρ∂νa
f
ρ)
2 +
1
8pi
λµ(µνρ∂νa
g
ρ)
2 +
1
4pi
λµ(µνρ∂νA
s
ρ)
2 + · · ·
]
, (15)
Before going to the details, we hope to give several remarks:
1. The network model given by Eqs. (12)-(14) can be regarded as two copies of a network model that has been
proposed to describe a gapless surface state of the (3+1)-dimensional bosonic topological insulator [30]. Besides,
we couple it with an order-parameter field φj(t, x) associated with time-reversal symmetry breaking, which allows
us to describe the phase transition between a superfluid and U(1) SPT phase.
2. A very similar network model, just with a modification that the real scalar field φj(t, x) in Eq. (14) is replaced
by a constant, has been shown to exactly describe the low energy physics of a two-component interacting bosonic
lattice model [47]. That lattice model also has interesting connection with the two-component bosonic lattice
model of the main text, as pointed out in Ref. [25].
3. The real scalar fields ϕ±j (t, x) and ϕ˜
±
j (t, x) are physically related with the two-component bosons of the lattice
Hamiltonian in the main text. For the model in Ref. [47] (which might not apply here), those fields are defined
as ϕ+j = ϕ
a
j + θ
b
j , ϕ
−
j = ϕ
b
j + θ
a
j , ϕ˜
+
j = ϕ
a
j − θbj , and ϕ˜−j = ϕbj − θaj , up to zero-mode contributions (Klein factors)
to correctly account for the commutation relations. Where, ϕ
a/b
j and θ
a/b
j are the dual bosonic fields of the
Luttinger liquid for two species of bosons a and b on the j-th wire.
Coupled-wire action
We first explain the coupled-wire action given by Eqs. (12)-(14). The variables ϕ±j (t, x), ϕ˜
±
j (t, x), and φj(t, x) are
real scalar fields. v, g1,2, and c1,2 are some constants dependent on the microscopic details. The ellipsis in Eq. (14)
includes the kinetic terms of φj , namely c3(∂tφj)
2 +c4(∂xφj)
2, and also higher-order perturbations such as φ4j , φ
2
jφ
2
j+1,
and cos(ϕσj + ϕ˜
σ
j − ϕσj+1 − ϕ˜σj+1), which are neglected in the following analysis. We have denoted the Pauli matrices
as σx,y,z:
σx =
(
0 1
1 0
)
, σy =
(
0 −i
i 0
)
, σz =
(
1 0
0 −1
)
. (16)
7Each wire now consists of two pairs of dual bosonic fields, ϕ±j (t, x) and ϕ˜
±
j (t, x), which satisfy the equal-time com-
mutation relations,
[∂xϕ
σ
j (x), ϕ
σ′
j′ (x
′)] = −[∂xϕ˜σj (x), ϕ˜σ
′
j′ (x
′)] = 2ipiσxσσ′δjj′δ(x− x′). (17)
These commutation relations are satisfied by choosing,
[ϕ+j (x), ϕ
−
j′(x
′)] = 2ipiδjj′(Θ(x− x′)− 1)− 2ipi(1− δjj′)Θ(j′ − j),
[ϕ˜+j (x), ϕ˜
−
j′(x
′)] = −2ipiδjj′Θ(x− x′)− 2ipi(1− δjj′)Θ(j′ − j),
[ϕ+j (x), ϕ˜
−
j′(x
′)] = −2ipi(1− δjj′)Θ(j′ − j),
[ϕ˜+j (x), ϕ
−
j′(x
′)] = 2ipiδjj′ + 2ipi(1− δjj′)Θ(j − j′),
(18)
while the other commutators are chosen to vanish. Here Θ(x) is the step function,
Θ(x) =
{
1 (x > 0)
0 (x < 0)
. (19)
The above commutation relations ensure the bosonic statistics of the particle operators eiϕ
±
j and eiϕ˜
±
j . Under the
global charge and pseudospin U(1) symmetries, the fields transform as
U(1)c : ϕ
σ
j → ϕσj + αc, ϕ˜σj → ϕ˜σj + αc,
U(1)s : ϕ
σ
j → ϕσj + σαs, ϕ˜σj → ϕ˜σj + σαs, (20)
with arbitrary real numbers αc/s ∈ [0, 2pi). Such operators eiϕ
±
j and eiϕ˜
±
j can be regarded as the bosonic particle
operators of one species dressed by the density fluctuations of another species, which naturally emerge in certain inter-
acting systems of two-component bosons [47]. Since the cosine terms in Stun preserve both of these U(1) symmetries,
they can be naturally identified as the tunnelings of those bosonic operators from neighboring wires. They are further
coupled with the real scalar field φj(t, x) corresponding to the order parameter of time-reversal symmetry breaking,
which might be generated by integrating out the high-energy degrees of freedom. Under the time-reversal symmetry,
the fields transform as
ϕσj → −ϕ˜σj , ϕ˜σj → −ϕσj , φj → −φj , (21)
which leave the action invariant. In the following, we take the number of wires N to be an even integer.
We then consider possible phases of our coupled-wire model. Let us suppose c2 > 0 in the following analysis. At
the mean-field level, the field φj acquires a finite expectation value 〈φj〉 = ±〈φ〉 6= 0 for c1 > 0 so that the time-
reversal symmetry is spontaneously broken. Once the fluctuation of φj is neglected, the tunneling terms are relevant
perturbations with the scaling dimension 1. If 〈φ〉 < 0, the coupling constant of the first term in Eq. (14) becomes
larger than that of the second one and will flow to the strong-coupling limit. Under the open boundary condition
ϕσN = ϕ˜
σ
N = 0, the unpaired gapless modes ϕ˜
σ
0 and ϕ
σ
N−1 are left at the boundaries while the bulk is gapped. These
edge states are nothing but those expected for the U(1) SPT phase [31] and thus the system is in a U(1) SPT phase.
If 〈φ〉 > 0, the latter tunneling term flows to the strong-coupling limit and leads to another U(1) SPT phase with the
opposite chirality. Therefore, we conclude that the system is in the U(1) SPT phase with spontaneous time-reversal
symmetry breaking for c1 > 0.
For c1 < 0, the expectation value 〈φ〉 becomes zero so that the system maintains the time-reversal symmetry. In
this case, the two tunneling terms compete with each other. The system may reside in a critical regime described
by the two copies of two-flavor QED3 as shown below or develop some long-range order (superfluid or charge-density
wave) driven by higher-order perturbations.
Coupling with the U(1) probe gauge fields for charge (Acµ,j) and pseudospin (A
s
µ,j), the action becomes
Swire[ϕ
±
j , ϕ˜
±
j , A
c/s
µ,j ] =
∫
dtdx
N−1∑
j=0
[
1
4pi
∑
σ,σ′=±
σxσσ′
{
∂xϕ
σ
j (∂tϕ
σ′
j − 2Ac0,j − 2σ′As0,j)− ∂xϕ˜σj (∂tϕ˜σ
′
j − 2Ac0,j − 2σ′As0,j)
}
− v
4pi
∑
σ=±
{
(∂xϕ
σ
j −Ac1,j − σAs1,j)2 + (∂xϕ˜σj −Ac1,j − σAs1,j)2
}]
. (22)
In contrast to the case in Ref. [? ], there are no (staggered) Chern-Simons terms associated with the gauge anomaly,
since each wire now consists of nonchiral bosons. For our convenience, we choose the A
c/s
2,j = 0 gauge so that the
probe gauge fields do not enter the tunneling terms Stun.
8Duality transformation
Let us introduce the chiral bosonic fields by
ϕ+j = ϕ
R
c,j + ϕ
L
s,j ,
ϕ−j = ϕ
R
c,j − ϕLs,j ,
ϕ˜+j = ϕ
L
c,j + ϕ
R
s,j ,
ϕ˜−j = ϕ
L
c,j − ϕRs,j .
(23)
From Eq. (20), it is obvious that ϕ
R/L
c,j carries only charge while ϕ
R/L
s,j carries only pseudospin. Since our coupled-wire
model is decoupled into two layers, it is convenient to label the chiral fields in the following way:
(ϕfc,2n, ϕ
f
c,2n+1) = (ϕ
R
c,2n, ϕ
L
c,2n+1),
(ϕfs,2n, ϕ
f
s,2n+1) = (ϕ
L
s,2n, ϕ
R
s,2n+1),
(ϕgc,2n, ϕ
g
c,2n+1) = (ϕ
L
c,2n, ϕ
R
c,2n+1),
(ϕgs,2n, ϕ
g
s,2n+1) = (ϕ
R
s,2n, ϕ
L
s,2n+1),
(24)
where the superscripts f and g refer to the two layers and n = 0, 1, · · · , N/2 − 1. When g2 = 0, the f (g) layer
is described by the same action as that for the top (bottom) surface of the (3+1)-dimensional bosonic topological
insulator [30]. However an important difference is that the time-reversal symmetry now transforms one layer to
another,
ϕfρ,j → −ϕgρ,j , ϕgρ,j → −ϕfρ,j (ρ = c, s), (25)
while it transforms back one layer to itself on the surface of the bosonic topological insulator. Following Ref. [44], we
introduce the following N ×N matrices,
Djk = (1− δjk)sgn(j − k)(−1)k,
Pjk = (−1)jδjk,
∆jk = δj+1,k − δjk,
Sjk = δj+1,k + δjk,
(26)
as well as the inverse transposition of the lattice derivative ∆,
∆−1,Tjk =
1
2
sgn(j − k − 0+). (27)
We also introduce the vector notations,
ϕ = (ϕ0, · · · , ϕN−1), (Aϕ)(Bϕ′) =
∑
j,k,l
AjkϕkBjlϕ
′
l, (28)
where A and B are N ×N matrices. In terms of the layer fields ϕf/gc/s , the action is now given by
Swire[ϕ
f/g
c/s , A
c/s
µ ] =
∫
dtdx
[
P
2pi
{
∂xϕ
f
c (∂tϕ
f
c − 2Ac0)− ∂xϕfs (∂tϕfs − 2As0)− ∂xϕgc(∂tϕgc − 2Ac0) + ∂xϕgs(∂tϕgs − 2As0)
}
− v
2pi
{
(∂xϕ
f
c −Ac1)2 + (∂xϕfs −As1)2 + (∂xϕgc −Ac1)2 + (∂xϕgs −As1)2
}]
, (29)
Stun[ϕ
f/g
c/s , φj ] = −
∫
dtdx
N−1∑
j=0
∑
σ=±
[(
g1 − (−1)jg2φj
)
cos(ϕfc,j + σϕ
f
s,j − ϕfc,j+1 − σϕfs,j+1)
+
(
g1 + (−1)jg2φj
)
cos(ϕgc,j + σϕ
g
s,j − ϕgc,j+1 − σϕgs,j+1)− c1φ2j + c2(φj − φj+1)2 + · · ·
]
. (30)
Upon the mean-field treatment, g2φj = g2〈φ〉 ≡ g′2, the coupling constants in this network model alternate as depicted
in Fig. 2, giving rise to two different U(1) SPT phases depending on the sign of g′2.
9FIG. 2. Network model view of the action Swire + Stun.
We now apply the duality transformations [44] to the chiral pseudospin modes in each layer,
Φfs = Dϕ
f
s , Φ
g
s = Dϕ
g
s . (31)
This transformation leaves the tunneling term Stun local, while the kinetic term involved in Swire takes a highly
nonlocal form. In order to make the theory local, we introduce auxiliary fields a
f/g
µ = (a
f/g
0 , · · · , af/gN−1) in the path
integral and consider the action Sdual = Swire + Stun + S
′ with S′ being the complete square form,
S′[Φf/gs , A
s
µ, a
f/g
µ ] = −
1
2pi
∫
dtdx
[
2v(∂xΦ
f
s − af1 )2 − v
{
2∆−1,TP∂xΦfs −
∆
2v
(af0 −DAs0 − vDPAs1 + vPaf1 )
}2
+ 2v(∂xΦ
g
s − ag1)2 − v
{
2∆−1,TP∂xΦgs +
∆
2v
(ag0 −DAs0 + vDPAs1 − vPag1)
}2]
. (32)
While the addition of S′ turns out to be just the multiplication of a constant factor to the path integral, the resulting
action Sdual becomes a local form:
Sdual[ϕ
f/g
c ,Φ
f/g
s , A
c/s
µ , a
f/g
µ ]
= SDwire[ϕ
f/g
c ,Φ
f/g
s , A
c
µ, a
f/g
µ ] + Stun[ϕ
f/g
c ,Φ
f/g
s , φj ] + SmCS[A
s
µ, a
f/g
µ ] + SMaxwell[A
s
µ, a
f/g
µ ] + Sstag[A
s
µ, a
f/g
µ ], (33)
where
SDwire[ϕ
f/g
c ,Φ
f/g
s , A
c
µ, a
f/g
µ ] =
∫
dtdx
[
P
2pi
{
∂xϕ
f
c (∂tϕ
f
c − 2Ac0) + ∂xΦfs (∂xΦfs − 2af0 )
− ∂xϕgc(∂tϕgc − 2Ac0)− ∂xΦgs(∂tΦgs − 2ag0)
}
− v
2pi
{
(∂xϕ
f
c −Ac1)2 + (∂xΦfs − af1 )2 + (∂xϕgc −Ac1)2 + (∂xΦgs − ag1)
}]
, (34)
Stun[ϕ
f/g
c ,Φ
f/g
s , φj ] = −
∫
dtdx
N−1∑
j=0
∑
σ=±
[(
g1 − (−1)jg2φj
)
cos(ϕfc,j + σΦ
f
s,j − ϕfc,j+1 − σΦfs,j+1)
+
(
g1 + (−1)jg2φj
)
cos(ϕgc,j + σΦ
g
s,j − ϕgc,j+1 − σΦgs,j+1)− c1φ2j + c2(φj − φj+1)2 + · · ·
]
,
(35)
SmCS[A
s
µ, a
f/g
µ ] = −
1
4pi
∫
dtdx
[
∆(af0 − ag0)SAs1 + ∆As0S(af1 − ag1)
]
, (36)
SMaxwell[A
s
µ, a
f/g
µ ] =
1
8pi
∫
dtdx
[
1
v
(∆af0 )
2 − v(∆af1 )2 +
1
v
(∆ag0)
2 − v(∆af1 )2 +
2
v
(∆As0)
2 − 2v(∆As1)2
]
, (37)
Sstag[A
s
µ, a
f/g
µ ] =
1
4pi
∫
dtdx P
[
−∆af0Saf1 + ∆ag0Sag1 +
1
v
∆(af0 + a
g
0)∆A
s
0 − v∆(af1 + ag1)∆As1
]
. (38)
Here the actions SmCS and SMaxwell for the gauge fields can be regarded as discrete analogues of the mutual Chern-
Simons term and Maxwell term, respectively. On the other hand, Sstag is rapidly oscillating in the wire index j and
thus will be negligible in the continuum limit. We hereafter drop this oscillating term.
Let us introduce the new chiral bosonic fields,
Φf± = ±ϕfc + Φfs , Φg± = ±ϕgc + Φgs . (39)
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They satisfy the commutation relations,
[ΦIσ,j(x),Φ
I
σ,j′(x
′)] = ipiI(−1)jδjj′sgn(x− x′) + ipi(1− δjj′)sgn(j − j′),
[ΦIσ,j(x),Φ
I
−σ,j′(x
′)] = ipiσ,
[ΦIσ,j(x),Φ
−I
σ,j′(x
′)] = ipiI(−1)jδjj′ + ipi(1− δjj′)sgn(j − j′),
[ΦIσ,j(x),Φ
−I
−σ,j′(x
′)] = ipiσ,
(40)
with the identification I = f/g = +/−. Since all the commutators are ipi mod 2ipi, we can define the fermionic fields
by
ψf±,j(t, x) =
1√
2pidx
e−iΦ
f
±,j(t,x), ψg±,j(t, x) =
1√
2pidx
e−iΦ
g
±,j(t,x), (41)
where dx is a short-distance cutoff. They properly satisfy anti-commutation relations. In terms of these fermionic
fields, the actions SDwire and Stun is rewritten as
SDwire[ψ
f/g
± , A
c
µ, a
f/g
µ ] =
∫
dtdx
∑
σ=±
[
(ψfσ)
†i
{
∂t − iaf0 − iσAc0 − vP (∂x − iaf1 − iσAc1)
}
ψfσ
+ (ψgσ)
†i
{
∂t − iag0 − iσAc0 + vP (∂x − iag1 − iσAc1)
}
ψgσ
]
, (42)
Stun[ψ
f/g
± , φj ] = −
∫
dtdx
N−1∑
j=0
∑
σ=±
[
2pidx
{(
g1 − (−1)jg2φj
)
i(ψfσ,j)
†ψfσ,j+1
+
(
g1 + (−1)jg2φj
)
i(ψgσ,j)
†ψgσ,j+1 + h.c.
}
− c1φ2j + c2(φj − φj+1)2 + · · ·
]
. (43)
We now take the continuum limit in the direction perpendicular to wires by introducing the continuous variable
y = 2ndy with dy being the lattice spacing between wires. Supposing that g2  g1 and c1 is close to zero, we can
define the spinor fields by
1√
2dy
(
ψfσ,2n+1(t, x)
ψfσ,2n(t, x)
)
∼
(
(ψfσ)1(t, x, y)
(ψfσ)2(t, x, y)
)
≡ ψfσ(t, x, y),
1√
2dy
(
ψgσ,2n+1(t, x)
ψgσ,2n(t, x)
)
∼
(
(ψgσ)1(t, x, y)
(ψgσ)2(t, x, y)
)
≡ ψgσ(t, x, y),
(44)
We similarly replace the gauge fields a
f/g
ν,j (t, x) and A
c/s
ν,j (t, x) (ν = 0, 1) as well as the order-parameter field φj(t, x)
by the slowly varying fields a
f/g
ν (t, x, y), A
c/s
ν (t, x, y), and φ(t, x, y), respectively. The total action is then given by
Sdual[ψ
f/g
± , A
c/s
µ , a
f/g
µ , φ] ∼
∫
dtdxdy
[∑
σ=±
ψ¯fσiwµγ
µ(∂µ − iafµ − iσAcµ)ψfσ +
∑
σ=±
ψ¯gσiwµγ
µ(∂µ − iagµ − iσAcµ)ψgσ
+ 4pig2dxφ
∑
σ=±
(ψ¯fσψ
f
σ + ψ¯
g
σψ
g
σ) +
c1
dy
φ2 − c2dy(∂yφ)2 + 1
2pi
µνρA
s
µ∂ν(a
f
ρ − agρ)
+
1
8pi
λµ(µνρ∂νa
f
ρ)
2 +
1
8pi
λµ(µνρ∂νa
g
ρ)
2 +
1
4pi
λµ(µνρ∂νA
s
ρ)
2 + · · ·
]
, (45)
where
(γ0, γ1, γ2) = (σy,−iσx,−iσz),
ψ¯fσ = (ψ
f
σ)
†γ0,
ψ¯gσ = (ψ
g
σ)
†γ0,
(w0, w1, w2) = (1, v, 4pig1dxdy),
(λ0, λ1, λ2) = (dy/v, vdy, 0).
(46)
Replacing Asµ → −Asµ, we obtain the spatially anisotropic version of the action in the main text with the gauge
A
c/s
2 = 0 and a
f/g
2 = 0.
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U(1) SPT, superfluid, anyon superfluid, trivial Mott insulator and their transition
In general, we can modify our theory to describe the effective theory of the U(1) SPT, superfluid, anyon superfluid,
trivial Mott insulator and their transition. To obtain such theory, we don’t couple the Dirac fermions to a bosonic
field, instead we add the mass terms explicitly and get the Lagrangian,
L =
∑
σ=±
ψ¯fσ [iγ
µ(∂µ − iafµ − iσAcµ)]ψfσ −
1
2pi
εµνρA
s
µ∂νa
f
ρ
+
∑
σ=±
ψ¯gσ[iγ
µ(∂µ − iagµ − iσAcµ)]ψgσ +
1
2pi
εµνρA
s
µ∂νa
g
ρ
+
∑
σ=±
(mfσψ¯
f
σψ
f
σ +m
g
σψ¯
g
σψ
g
σ) (47)
By assigning different signs to the mass terms mf± and m
g
±, we can get different phases; and the critical point can be
achieved by tuning some mass to 0.
Let us start with describing different phases by choosing different masses for the Dirac fermions,
1. U(1) SPT phase: positive U(1) SPT (σxyc = 2), m
f
±,m
g
± > 0; negative U(1) SPT (σ
xy
c = −2) mf±,mg± < 0. As
we show before, it can be understood by integrating out the gapped Dirac fermions that yields a Hall response
term,
L =− 2
4pi
sgn(m)εµνρ[A
c
µ∂νA
c
ρ −Asµ∂νAsρ]. (48)
Note that the time-reversal symmetry is explicitly broken here, which is different from the case we discussed in
the paper.
2. Trivial Mott insulating phase: mf± > 0,m
g
± < 0 (or m
f
± < 0,m
g
± > 0). Integrating out the Dirac fermions will
give
L =− 1
4pi
εµνρ[A
c
µ∂νA
c
ρ + a
f
µ∂νa
f
ρ ]−
1
2pi
εµνρA
s
µ∂νa
f
ρ
+
1
4pi
εµνρ[A
c
µ∂νA
c
ρ + a
g
µ∂νa
g
ρ] +
1
2pi
εµνρA
s
µ∂νa
g
ρ. (49)
Similar as the U(1) SPT, Chern-Simons terms for the internal gauge fields af and ag are generated, hence the
photons of those gauge fields are gapped. Therefore, the resultant state is a Mott insulating phase, but compared
with the U(1) SPT phase, the Hall response here is 0. This can be seen by integrating out af and ag,
L =− 1
4pi
εµνρ[A
c
µ∂νA
c
ρ −Asµ∂νAsρ]
+
1
4pi
εµνρ[A
c
µ∂νA
c
ρ −Asµ∂νAsρ]. (50)
Now it is clear that the Chern-Simons term generated by Dirac fermions ψf± and ψ
g
± cancels each other.
3. Superfluid phase: mf+ > 0,m
f
− < 0, m
g
+ > 0,m
g
− < 0 (or other similar combinations). For such cases, integrating
out Dirac fermions will give
L = − 1
2pi
εµνρA
c
µ∂ν(a
f + ag)ρ − 1
2pi
εµνρA
s
µ∂ν(a
f − ag)ρ. (51)
As we argued before, it describes a superfluid phase.
4. Anyon superfluid phase: mf+ > 0,m
f
− < 0, m
g
± > 0 (or other similar combinations). Integrating out Dirac
fermions will give,
L = − 1
2pi
εµνρA
c
µ∂νa
f
ρ −
1
2pi
εµνρA
s
µ∂νa
f
ρ −
1
4pi
εµνρ[A
c
µ∂νA
c
ρ −Asµ∂νAsρ] (52)
Again it is a superfluid phase, as the photon of the internal gauge field af can be identified as the goldstone
mode. However, compared with the previous case, there is indeed a quantized Hall response for the superfluid
phase.
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Now we can easily obtain the theory of the phase transition between those different phases, some of which are
discussed in Ref. [33, 34]. For example, the transition from the U(1) SPT (mf±,m
g
± > 0) to the trivial Mott insulating
phase (mf± > 0,m
g
± < 0), can be is described by m
g
± = 0 and m
f
± > 0:
L =
∑
σ=±
ψ¯fσ [iγ
µ(∂µ − iafµ − iσAcµ)]ψfσ −
1
2pi
εµνρA
s
µ∂νa
f
ρ −
1
4pi
εµνρ[A
c
µ∂νA
c
ρ −Asµ∂νAsρ]. (53)
On the other hand, the transition from the U(1) SPT (mf±,m
g
± > 0) to the anyon superfluid (m
f
+ > 0,m
f
− < 0,
mg± > 0) can be achieved by tuning one Dirac mass (say m
f
−), and its effective theory is
L = ψ¯f−[iγµ(∂µ−iafµ+iAcµ)]ψf−−
1
2pi
εµνρA
s
µ∂νa
f
ρ−
1
8pi
εµνρ(a
f +Ac)µ∂ν(a
f +Ac)ρ− 1
4pi
εµνρ[A
c
µ∂νA
c
ρ−Asµ∂νAsρ]. (54)
Finally the transition between the opposite U(1) SPT is described by tuning four Dirac masses simultaneously, and
its effective theory is
L =
∑
σ=±
ψ¯fσ [iγ
µ(∂µ − iafµ − iσAcµ)]ψfσ −
1
2pi
εµνρA
s
µ∂νa
f
ρ
+
∑
σ=±
ψ¯gσ[iγ
µ(∂µ − iagµ − iσAcµ)]ψgσ +
1
2pi
εµνρA
s
µ∂νa
g
ρ + · · · (55)
This is similar as the transition between the superfluid and the U(1) SPT with the spontaneous symmetry breaking
that we described in the paper.
One may realize that most of those transitions will generically require the tuning of more than one masses, hence
seem to be fine tuned. One way to avoid such fine tuning is using certain symmetry to enforce the Dirac masses
changing simultaneously. However we want to emphasize that, the phase transition described in the paper, namely
the transition between the superfluid phase and the U(1) SPT phase with spontaneous time-reversal symmetry
breaking, is not fine tuned. The reason is because in this case, the Dirac masses are dynamically generated from the
spontaneous symmetry breaking, hence are guaranteed to change simultaneously.
The critical theory for the general coupling constant
The Lagrangian for the kagome spin liquid is
L =
∑
σ=±
ψ¯fσγ
µ
(
∂µ − iafµ − i
σAext
2
)
ψfσ +
∑
σ=±
ψ¯gσγ
µ
(
∂µ − iagµ − i
σAext
2
)
ψgσ
−
µνλ
2pi
Aµ∂ν(afλ − agλ) +
1
e2
[
(f (f)µν )
2 + (f (g)µν )
2
]
+
1
e20
(Fµν)2. (56)
Here and in the following, (fµν)
2 represents the Maxwell term for the dynamical gauge field. We can drop Aext (probe
field) for the rest of this argument to get
L =
∑
σ=±
ψ¯fσγ
µ
(
∂µ − iafµ
)
ψfσ +
∑
σ=±
ψ¯gσγ
µ
(
∂µ − iagµ
)
ψgσ −
µνλ
2pi
Aµ∂ν(afλ − agλ)
+
1
e2
[
(f (f)µν )
2 + (f (g)µν )
2
]
+
1
e20
(Fµν)2. (57)
Now define
a± = af ± ag (58)
to get
L =
∑
σ=±
ψ¯fσγ
µ
(
∂µ − i
a+µ + a
−
µ
2 µ
)
ψfσ +
∑
σ=±
ψ¯gσγ
µ
(
∂µ − i
a+µ − a−µ
2
)
ψgσ −
µνλ
2pi
Aµ∂νa−λ
+
1
4e2
[
(f (+)µν )
2 + (f (−)µν )
2
]
+
1
e20
(Fµν)2 (59)
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which we can write as:
L =
∑
σ=±
ψ¯fσγ
µ
(
∂µ − i
a+µ + a
−
µ
2 µ
)
ψfσ +
∑
σ=±
ψ¯gσγ
µ
(
∂µ − i
a+µ − a−µ
2
)
ψgσ −
µνλ
4pi
[Aµ∂νa−λ − a−µ ∂νAλ]
+
1
4e2
[
(f (+)µν )
2 + (f (−)µν )
2
]
+
1
e20
(Fµν)2 (60)
Now let us define
α = A+ a− β = A− a− (61)
to get
L =
∑
σ=±
ψ¯fσγ
µ
(
∂µ − i
a+µ
2
− iαµ − βµ
4
)
ψfσ +
∑
σ=±
ψ¯gσγ
µ
(
∂µ − i
a+µ
2
+ i
αµ − βµ
4
)
ψgσ −
2µνλ
4pi
[αµ∂ναλ − βµ∂νβλ]
+
1
4e2
(f (+)µν )
2 +
[
1
16e2
+
1
4e20
] [
(f (α)µν )
2 + (f (β)µν )
2
]
+
[
1
8e2
− 1
2e20
]
f (α)µν f
(β)
µν (62)
Extremising for the equations of motions of α and β for the pure gauge sector, we get:[
1
16e2 +
1
4e20
1
8e2 − 12e20
1
8e2 − 12e20
1
16e2 +
1
4e20
][
∂µf
(α)
µν
∂µf
(β)
µν
]
=
νλρ
pi
[
1 0
0 −1
][
f
(α)
λρ
f
(β)
λρ
]
(63)
For general values of e and e0, both the photons corresponding to α and β will aquire a mass and hence can
be integrated out. This means we can drop the corresponding couplings (up to irrelevant short range four fermi
interactions) to get the critical theory as:
L =
∑
σ=±
ψ¯fσγ
µ
(
∂µ − i
a+µ
2
)
ψfσ +
∑
σ=±
ψ¯gσγ
µ
(
∂µ − i
a+µ
2
)
ψgσ (64)
Which is the same theory obtained in the large e0 limit. This, then is the critical theory.
